We investigate properties of the ground state of a light quark matter with heavy quark impurities. This system exhibits the "QCD Kondo effect" where the interaction strength between a light quark near the Fermi surface and a heavy quark increases with decreasing energy of the light quark towards the Fermi energy, and diverges at some scale near the Fermi energy, called the Kondo scale. Around and below the Kondo scale, we must treat the dynamics nonperturbatively. As a typical nonperturbative method to treat the strong coupling regime, we adopt a mean-field approach where we introduce a condensate, the Kondo condensate, representing a mixing between a light quark and a heavy quark, and determine the ground state in the presence of the Kondo condensate. We show that the ground state is a topologically non-trivial state and the heavy quark spin forms the hedgehog configuration in the momentum space. We can define the Berry phase for the ground-state wavefunction in the momentum space which is associated with a monopole at the position of a heavy quark. We also investigate fluctuations around the mean field in the random-phase approximation, and show the existence of (exciton-like) collective excitations made of a hole h of a light quark and a heavy quark Q.
I. INTRODUCTION
The Kondo effect has been studied in a variety of fermionic systems containing heavy particles as impurities. It is the phenomenon that the interaction between a light fermion near the Fermi surface and a heavy impurity particle becomes stronger due to quantum fluctuations at low temperatures, and it drastically affects the transportation and thermodynamic properties of the bulk matter [1] . The essential conditions for the Kondo effect to occur are summarized as the existence of the following three ingredients: (i) Fermi surface (degenerate state), (ii) loop effects (particle-hole creation) and (iii) non-Abelian interaction between a light fermion and a heavy impurity [2] [3] [4] . Historically, the Kondo effect was observed in metals with impurity atoms having a finite spin [1] . There, the non-Abelian interaction is played by the spin SU(2) spin symmetry supplied by the spinexchange between the electron and the impurity atom, and it was demonstrated by J. Kondo that the second order perturbation for the scattering amplitude between an electron and the heavy spin yields the enhancement of the amplitude due to the three ingredients shown above. Since then, the Kondo effect has been widely applied to various systems including artificial materials, such as quantum dots, and also to the multi-band electron systems which are regarded to have the SU(n) symmetry * yasuis@th.phys.titech.ac.jp (corresponding author) † kei.suzuki@kek.jp ‡ kazunori.itakura@kek.jp with n being the number of electron bands [5] [6] [7] [8] [9] [10] . Hence, the Kondo effect is now recognized as a typical example of the strongly correlated condensed matter systems. Recently, the Kondo effect has expanded its region of applicability to the world of strong interaction which is the fundamental force of nuclei, hadrons, quarks and antiquarks [11] [12] [13] [14] [15] [16] [17] [18] [19] . There are several sources of nonAbelian interaction in strong interaction: spin, isospin (flavor) and color. We can study different types of the Kondo effect depending on what type of the non-Abelian interaction we choose. The first application [11] of the Kondo effect to the strong interaction was done in a nuclear matter containingD or B mesons as impurities 1 . In fact,D and B mesons are heavier than a nucleon in a nucleus, mD = 1.87 GeV and m B = 5.28 GeV [21] , and thus can be treated as heavy impurities. The non-Abelian interaction is provided by the isospin-exchange interaction between aD or B meson and a nucleon, whose symmetry is given by SU(2) isospin [11, 14] . When aD * (B * ) meson is regarded as the spin partner of aD (B) meson, we can also consider the spin-exchange interaction as the non-Abelian interaction governed by the SU(2) spin symmetry [16] . The same paper also discussed the Kondo effect in a light flavor quark matter containing c (b) quarks as impurities [11] . In addition to the fact that c, b quarks are much heavier than the light quarks, m c = 1.27 GeV, m b = 4.18 GeV [21] , the heaviness of c and b quarks also ensures the existence of a light quark matter which will be realized at a relatively large chemical potential µ so that there is a hierarchy µ m c , m b . The non-Abelian interaction is given by the color-exchange interaction with SU(3) c symmetry. This type of the Kondo effect working in a light quark matter is in particular called the QCD Kondo effect, and this is the main subject of the present paper.
Since the first publication on the QCD Kondo effect [11] , we have already seen a considerable progress in understanding unique and intriguing aspects of the QCD Kondo effect. Let us briefly give an overview on the previous works [12, 13, 15, 17, 19] . The first analysis on the QCD Kondo effect [11] was performed with the four-Fermi interaction between a light quark and a heavy quark which minimally represents the non-Abelian property of the color-exchange interaction. Namely, the interaction is proportional to a product of two Gell-Mann matrices λ a ·λ a (a = 1, . . . , N 2 c − 1) for the SU(N c ) color symmetry. For the analysis of scattering between a light quark near the Fermi energy and a heavy impurity, we are able to take the QCD coupling α s (µ) small enough, which implies that the four-Fermi interaction strength is also taken to be small enough. However, a one-loop perturbative calculation for the scattering between a light quark and a heavy impurity turns out to logarithmically increase as the energy of the light quark decreases towards the Fermi energy. This means that the effective interaction becomes stronger with decreasing energy scale and that perturbative analysis would become invalid at some lower energy scale. This is nothing but the appearance of the Kondo effect, and the lower energy scale where the perturbative calculation breaks down corresponds to the Kondo scale.
Later, a more precise calculation was performed based on the finite-density QCD perturbation theory [12] . While the four-Fermi interaction in the previous work is a contact interaction with a zero interaction range, the actual interaction between a light quark and a heavy quark must be described by the exchange of a gluon and thus has a finite interaction range. Indeed, at finite densities, gluon propagation is screened by the medium effects: the electric component is screened to acquire the Debye mass, while the magnetic component is dynamically screened. Still, we are able to define the effective coupling similar to the one in the four-Fermi interaction through the s-wave projection of the scattering amplitude. With a small QCD coupling α s (µ) 1 for a large chemical potential µ, we can perform perturbative analysis for the calculation of scattering amplitudes of a light quark near the Fermi surface off a heavy quark impurity. In order to study how the effective coupling strength varies with decreasing energy of a light quark, the renormalization group analysis was done up to the one-loop order and it was shown that the effective coupling increases with decreasing energy scales of a light quark, and that there exists the Kondo scale at which the effective coupling diverges. Notice that these results are all qualitatively consistent with those of the previous work in Ref. [11] , which justifies the use of the four-Fermi interaction in the study of the QCD Kondo effect.
Incidentally, what the first condition (i) truly implies is that there must be a finite degeneracy at the lowest energy state (without a mass gap). Then, we expect that the QCD Kondo effect will also take place in a strong magnetic field which induces the formation of the Landau levels with a nonzero degeneracy in the lowest Landau level and allows for a linear dispersion in the direction parallel to the magnetic field. This idea was explicitly demonstrated in Ref. [13] and the effect is called magnetically induced QCD Kondo effect. This is a unique phenomena in QCD which is not seen in the ordinary Kondo effect in condensed matter physics: while imposing a magnetic field inhibits the ordinary Kondo effect with the spin-flip interaction, the non-Abelian interaction in the QCD Kondo effect does not directly feel the magnetic field (only through the magnetic screening of gluon propagation) and it makes sense to impose a strong magnetic field.
As repeatedly mentioned, the perturbative analysis (or improved analysis with the renormalization group) of the Kondo effect indicates that there exists a strongly coupled regime. It corresponds to a shell outside of the Fermi surface whose thickness is typically specified by the Kondo scale. The perturbative analysis works only outside of this shell, and we have to resort to some nonperturbative method to go into the shell. For example, if one is exactly on the Fermi sphere, one can utilize the (boundary) conformal field theory as a nonperturbative technique as was recently done in Ref. [19] . It was suggested that the quark matter with two flavors (u and d) and three colors (N c = 3) will be a non-Fermi liquid. While the conformal field theory is a powerful nonperturbative technique, the connection with the perturbative region (i.e., the region outside the shell) is not clear. It should also be noticed that both the perturbative analysis of the scattering amplitudes and the conformal field theory treat only a single heavy impurity. In the actual situation, however, we expect impurities are randomly distributed in a quark matter with a small averaged density. In order to find a ground state of such a system, we need to introduce a nonperturbative and field-theoretical technique as was done in Ref. [15] .
It is instructive to recall the mechanism of superconductivity and chiral symmetry breaking. In both cases, interactions in the relevant channels (electron-electron scattering for superconductivity and quark-antiquark scattering for chiral symmetry breaking) increase with decreasing scattering energies, which leads to formation of bound states accompanied by nonzero condensates. We expect that similar phenomena occur in the QCD Kondo effect when we treat it in a field-theoretical way. Namely, enhancement of the light and heavy quark interaction will entail the formation of a bound state and the generation of a nonzero condensate. As is well-known in the superconductivity and chiral symmetry breaking, we can nonperturbatively study these phenomena by the mean-field approach. Indeed, the mean-field approach is found to be useful in the Kondo effect in condensed matter physics [22] [23] [24] [25] [26] [27] . Motivated by these observations, the mean-field approach was applied to the QCD Kondo effect by us in Ref. [15] . The mean-field was defined as the expectation value of a product of a light quark field and a heavy quark field, and we called it the Kondo condensate. The mean-field approximation for the four-Fermi interaction generates a mixing term between a light quark and a heavy quark, with the strength of mixing determined by the Kondo condensate. By solving the gap equation, we found that a finite value of the mean-field is favored as the stable solution. We can map the region of nonzero Kondo condensate on the λ-µ plane (λ is the Lagrange multiplier for the heavy-quark density and µ is the chemical potential for the light quark) and called it the Kondo phase. In Ref. [15] , a uniform number density of heavy quarks was assumed for simplicity so that the mean-field is also homogeneous. Although this setting is far from the actual situation with a small number of randomly distributed impurities, we can extract physical information from this simple calculation by estimating the energy gain per a heavy quark. Later, in Ref. [17] , the opposite situation with a single heavy quark was also analyzed in the mean-field approach. In this case, one has to treat the mean field which is not homogeneous in space. It was shown that the energy gain of a single heavy quark in the Kondo condensate is comparable with that obtained from uniform heavy quark density. This comparison suggests that the actual value would be close to these values.
In the present article, we continue the mean-field analysis of the previous work [15] and perform a detailed study on the properties of the ground state in the presence of the Kondo condensate. We also investigate the stability of the mean-field by including quantum fluctuations around it. The Kondo condensate found in Ref. [15] has a unique structure: it is made of a combination of the scalar-type condensate and the vector-type condensate (see also Ref. [17] ). We show that such a coexistence of the scalar and vector condensates leads to the locking of chiral symmetry and heavy quark spin symmetry as well as to topologically non-trivial properties in the ground state. These are new properties which have not been known in a quark matter. As for the topological properties, we show that the heavy quark spin forms a hedgehog configuration in momentum space. By using the quasi-quark wave function, which is a mixed state of the light and heavy quarks in the presence of the Kondo condensate, we can define the Berry phase in momentum space which is associated with a monopole. As for the quantum fluctuations around the Kondo condensate, we consider the collective excitations of the light quark q (hole h) and the heavy quark Q within the randomphase approximation, and find that hQ bound states, which are analog of excitons, appear as collective modes. As already mentioned, one of the important properties of the Kondo effect is the enhancement of the interaction strength between a light quark and a heavy quark. We show this enhancement in the effective Lagrangian including the mean-field and the quantum fluctuations.
The contents of the present article are the following. In Sec. II, we define the Lagrangian describing the system with light quarks and heavy quarks which are interacting with each other via the color-current-current interaction. This interaction has the SU(N c ) color symmetry which is responsible for the non-Abelian interaction necessary for the Kondo effect, and U(N f ) V × U(N f ) A chiral symmetry for N f light flavors. In Sec. III, we study the ground state with the Kondo effect by applying the mean-field approach. We show that the Kondo condensate is realized in the ground state, and that the wavefunction of the ground state has topologically non-trivial properties: hedgehog configurations of heavy quark spin and monopoles associated with the Berry phase, both of which appear in momentum space. In Sec. IV, we discuss the collective excitations of a hole of a light quark h and a heavy quark Q beyond the mean-field using the random-phase approximation. The final section is devoted to conclusion.
II. COLOR-CURRENT INTERACTION
In this section, we define the model we analyze, in particular, the interaction between a light quark and a heavy quark. As we commented in the Introduction, the QCD Kondo effect is well studied by the contact four-Fermi interaction which reproduces qualitatively the same results as the one-gluon exchange interaction. Thus, for the purpose of developing new nonperturbative method, we adopt the contact four-Fermi interaction. We construct the model so that it possesses the chiral symmetry in the light quark sector, and the heavy quark (spin) symmetry (HQS) in the heavy quark sector.
As for the heavy quark sector, we use the framework of the heavy quark effective theory [28, 29] . In this formalism, we focus on the dynamics of a heavy quark associated with deviation from the on-mass-shell motion. Namely, we separate the heavy quark momentum P µ into the on-mass-shell part (m Q v µ with m Q being the mass and v µ being the four velocity of the heavy quark) and the off-mass-shell part (p µ ), P µ = m Q v µ + p µ , and consider the dynamics with respect to the off-mass-shell momentum p µ . The four velocity v µ = (v 0 , v ) is defined so as to satisfy the on-mass-shell condition, v µ v µ = 1, and v 0 > 0 for a positive energy state. Since we are interested in momentum scales in the infrared region p µ Λ QCD , where Λ QCD is the typical low-energy scale of QCD of a few hundred MeV [21] , we are able to take p µ much smaller than m Q v µ for sufficiently large m Q (p µ m Q ). We treat that the on-mass-shell motion of a heavy quark is not affected by the interaction with light particles (light quarks and gluons). We call the reference frame in which the heavy quark is moving at the velocity v µ the v-frame. In such a frame, if we extract the on-mass-shell motion, the dynamics of the heavy quark is only described by the residual momentum p µ . Therefore, it is convenient to redefine the heavy quark field Ψ so that the on-massshell motion is made manifest [28, 29] 
µ . This is, however, a natural situation for heavy quarks because it implies that we can take the rest frame where all the heavy quarks are at rest.
In the following, we work in the frame where all the heavy quarks are at rest (static frame), or equivalently, we simply take v µ = (1, 0 ). Then, the projection opera-
is, in the standard representation of the Dirac matrices 2 , nothing but the projection on the upper two components, as known in the nonrelativistic limit of a Dirac fermion. In the present paper, we will work in the standard representation for the Dirac matrices, but we express the upper two components of the heavy quark as Ψ v too, to avoid introducing too many notations. It is important that the heavy quark spin "up" and "down" components are not mixed in the heavy-quark mass limit, so that the heavy quark spin is always the conserved quantity. This is called the heavy quark (spin) symmetry (HQS), SU(2) HQS , which is the symmetry for the invariance under interchange of the spin up and down components.
We construct the model so that the Lagrangian has the chiral symmetry for (massless) N f light quarks U(N f ) V × U(N f ) A and the heavy quark symmetry SU(2) HQS for one flavor heavy quark. Since we are interested in the Kondo effect, we only focus on the interaction between the light and heavy quarks. 
3 We are able to study the effects of interactions between light quarks which induce the chiral symmetry breaking, which is reported elsewhere.
tween the light quark and the heavy quark [11, 15, 17] :
The first term is the kinetic term for massless light quarks and indices for N f light flavors ψ = (ψ 1 , . . . , ψ N f ) t are implicit. We assume that light quarks have a common chemical potential µ. The second term is the (off-massshell) kinetic term for a heavy quark, and the spatial derivative is meant to be associated with the off-massshell momentum p µ . The third term is the four-point interaction, i.e. the color-current color-current interaction representing exchange of a color between a light quark and a heavy quark as mimicking the one-gluon exchange in QCD 4 . The non-Abelian property of the color exchange interaction is important in the Kondo effect, as shown in our previous works. As is common to fermionic effective theories with contact-type interactions, we need to introduce a cutoff Λ to remedy possible ultraviolet divergences. As for the numerical values for the coupling constant G c and the cutoff Λ, we use G c Λ 2 = (9/2)4.0 with the three-dimensional momentum cutoff Λ = 0.65 GeV in our numerical calculations as estimated in Appendix A.
Notice that the Lagrangian (1) contains chemical potentials µ only for the light quarks, and lacks the information on the distribution of heavy quarks. We are going to analyze the situation where the heavy quark impurities are randomly distributed in a light quark matter and thus are not treated as a Fermi gas [15] , which is not simply expressed by the introduction of a chemical potential. We assume that the information of randomly distributed heavy quarks can be specified by a static function n Q ( x) for the number density. On the other hand, since the operator for the number density of heavy quarks is given
This condition can be easily included in the Lagrangian (1) by the introduction of a Lagrange multiplier λ so that
. Together with this constraint term, the Lagrangian is now redefined as (in the momentum space)
The value of λ will be determined by the stationary condition ∂Ω/∂λ = 0 for the thermodynamic potential Ω with a given function n Q . The number density n Q ( x) of N heavy quark impurities that are located at positions x = x i is given by
where δ (3) ( x) is a three-dimensional δ-function. Since we assume all the heavy quarks are at rest, n Q ( x) does not depend on time. In general, positions of heavy quarks are random, and it is convenient to treat the number density averaged over the positions. Namely, we introduce a number n Q given by
where · · · Q denotes the average over random configuration { x i }. Notice that, after averaging over the random configuration, n Q is no longer a function of x and can be treated as a constant number. In the present paper, we perform the average over the random configuration first, and treat the number distribution n Q ( x) as if it is just a constant n Q ( x) = n Q as given by Eq. (5). This is technically convenient because the translational invariance is kept with a constant number density. Besides, we can regard such a replacement as a good approximation for the dynamics of light quarks having wave lengths longer than a typical coherence length of the Kondo state or a typical distance between heavy impurities.
III. KONDO PHASE: GROUND STATE
In this section, we present a detailed investigation on the properties of the ground state within the mean-field approximation. After solving the gap equation at zero and finite temperatures, which reproduces the previous work [15] , we further discuss the symmetry breaking pattern and topological properties of the ground state with the Kondo condensate.
A. Mean-field approximation
We determine the ground state of the Lagrangian (3) by the mean-field approximation to the color-current interaction. Since we are now interested in enhanced correlations between a light quark and a heavy quark impurity that are represented as operators of the typeψOΨ v orΨ v Oψ, we rearrange the interaction by using the Fierz transformation so that the form ofψOψΨ v OΨ v in the original interaction is transformed into the form ofψO Ψ vΨv O ψ. Among several different Fierz transformations as summarized in Appendix B, we adopt Eq. (B1) for the Dirac matrices, and Eq. (B4) for the Gell-Mann matrices. The Fierz transformations are performed for each flavor i = 1, . . . , N f . Then, we divide the interaction term in Eq. (3) into color-singlet and coloroctet parts:
with
where the light flavor indices i = 1, . . . , N f are explicitly shown. The minus sign due to the exchange of the fermion fields is included. We notice that the coupling constant of the color-octet part L oct int is suppressed by a factor of 1/N c , while that of the color-singlet part L sing int is not. Therefore, in the following, we consider only the color-singlet part as the dominant interaction 5 . By using the relation γ 0 Ψ v = Ψ v for the heavy quark in the rest frame, one can rewrite the singlet interaction (7) as
which is composed of the scalar, pseudoscalar, vector and axial vector terms. Before we perform the mean-field approximation, let us rewrite each term N for the scalar, pseudoscalar, vector and axial vector terms, respectively. The expectation values of these bosonic fields are the "order parameters" for the QCD Kondo effect, corresponding to the correlations between the hole of the light quark h and the heavy quark Q.
5 Instead of Eq. (B4), we applied a different type of the Fierz transformation in the previous works [15, 17] :
We ignored the second term and performed the mean-field approximation for the interaction coming from the first term. In this case, however, the color singlet and octet parts are not completely separated, and thus the strength of the dominant interaction is different from that of the color-singlet interaction in the present article.
Then, the singlet interaction (10) can be rewritten as
We assume that the order parameters have the following structure in the ground state:
where we have introduced a complex number ∆ and a complex vector ∆ and chosen the light flavor direction i = 1 which could be arbitrary reflecting the flavor symmetry. We call these condensates the Kondo condensates. We further introduce the hedgehog ansatz in momentum space:
for the three-dimensional momentum p of the light quark which can be also identified with the off-mass-shell momentum of the heavy quark. In the previous works [15, 17] , the explicit form of the Kondo condensate was specified for a heavy-light operator ψ α Ψ vδ with α, δ being the Lorentz indices as
This structure with thep · γ term was found from the completeness relation for heavy quark fields. By contracting the operator ψ α Ψ vδ with 1 αδ , γ αδ and so on, one can easily confirm that this structure is equivalent to the hedgehog ansatz (22) with Eqs. (20) and (21) . Although our choice of the Kondo condensate is still an ansatz and it is not easy to check that it gives the lowest energy among all the possible forms of condensates, there are a few reasons to expect that it indeed gives the lowest energy. First of all, as we will see below, our choice of course gives lower energy than the state with vanishing condensates. Next, our choice of condensate allows for a mixing between a light quark and a heavy quark in a clear manner while the other types of condensates induce more entangled mixing patterns. Third, if there was another lower energy state, our choice of the ground state would be unstable against fluctuations. As we will discuss later, however, there is no instability in the fluctuations around the Kondo condensates with the hedgehog ansatz, and thus our choice will not fall into other states. Last, an analysis in a simpler model supports our choice: As we discuss in Appendix C, a model with a Weyl fermion and a heavy quark allows us to directly compare two cases: (i) only a scalar (or vector) condensate Φ i = ∆δ i1 or Φ i = ∆pδ i1 (and the others are vanishing) and (ii) nonzero scalar and vector condensates coexisting with the hedgehog ansatz Φ i = ∆δ i1 , Φ i = ∆p δ i1 . The latter case gives lower energy than the former case. If we simply replace the bosonic operators (15)- (18) in the Lagrangian (with only the singlet interaction (19)) by their expectation values (mean-fields) given in Eqs. (20) and (21), we obtain the mean-field Lagrangian in momentum space:
We notice that the γ·p terms appear due to the hedgehog ansatz. We emphasize that only the light quark field ψ 1 (i = 1) couples to the heavy quark due to our choice of the light flavor axis of the condensate (see Eqs. (20) and (21)). The mean-field Lagrangian will be used to determine the ground state in the presence of the Kondo condensate. Stability of the ground state and excitation modes will be discussed in the next section by using the Lagrangian that includes fluctuations around the mean fields.
Notice that the mean-field Lagrangian (23) is bilinear with respect to fermion fields ψ and Ψ v . Thus it is convenient to introduce the following shorthand notation:
Then, the mean-field Lagrangian (23) can be rewritten in a compact form:
with the inverse of the propagator given by
as the (N f + 1) × (N f + 1) dimensional matrix in flavor space including the light quarks and the heavy quark.
The poles of G(p 0 , p ) in the energy p 0 plane correspond to physical modes in the presence of the Kondo condensate. Reflecting the original 2N f + 1 degrees of freedom (for spin "up") including N f light quarks, N f light antiquarks, and one heavy quark (without a heavy antiquark), there should appear 2N f + 1 modes. Indeed, one can easily confirm that there are 2N f + 1 dispersion relations as the poles of G(p 0 , p ). As we already commented before, the Kondo condensate of the hedgehog type induces a mixing between the particle mode of ψ 1 and Ψ v (that has the particle (or positive energy) mode alone) leaving the other particle modes and all the antiparticle modes unchanged. Namely, the mixing between the particle mode of ψ 1 and Ψ v gives the following two modes:
while all the other modes are unchanged: the particle modes of the other light quarks ψ i (i = 1)
and all the antiparticle modes of light quarks
Here p is the three dimensional momentum p = | p |. These dispersion relations are common for spin "up" and "down" components. In Sec. III E, we will see that the spin "up" and "down" correspond to the chirality ±1 of the light quark and the helicity ±1 of the heavy quark. We display schematic figures of the energy-momentum dispersion relations for N f = 1 and N f ≥ 2 in Fig.1 . At zero temperature, all the states below the Fermi surface (E = 0) are occupied as shown by the thick solid lines. In the case of N f = 1, the branch of Eq. (28) is absent, as indicated by the dashed line. As is evident from the figure, due to the presence of a nonzero ∆, two original dispersions (E q = p − µ for a light quark and E Q = λ for a heavy quark) show level crossing at p = µ + λ. The magnitude of ∆ controls the region of mixing: a larger ∆ induces mixing in a wider momentum region. After the mixing, the upper (lower) mode with dispersion E 
with p = | p|. For N f = 1, there are only three poles p 0 =Ẽ p , E ± p as mentioned before (see the upper panel of Fig. 1 where we show two dispersions p 0 = E ± p ). Analysis in the simpler model with a Weyl fermion (see Appendix C) is helpful to understand how the Kondo condensate occurs. As mentioned before, this model also leads to the Kondo condensates in the scalar and vector channels with the hedgehog ansatz. If the Weyl fermion χ is right-handed, the Kondo condensate is constructed by the linear combination of χ and the spin "up" component of the heavy quark Ψ v↑ . In contrast, the spin "down" component Ψ v↓ would couple to a left-handed Weyl fermion ϕ which is absent in the simple model, and thus does not form the Kondo condensate. Coming back to our present study, the Dirac field ψ contains both the right-handed and left-handed Weyl fermions. Therefore, the two types of condensates, the mixing between χ and Ψ v↑ and the mixing between ϕ and Ψ v↓ , exist simultaneously.
B. Thermodynamic potential and gap equation
We compute the thermodynamic potential Ω from the mean-field Lagrangian (23) or (25) , then derive the gap equation for ∆ as the stationary condition for Ω with respect to ∆. By using the dispersion relations (27) - (29), the thermodynamic potential is given by
where β is the inverse temperature β = 1/T and
The factor two in front of the integral comes from the spin degeneracy, and Λ is the three-momentum cutoff to regularize the ultraviolet divergence. In addition to an external parameter T , the thermodynamic potential depends on three parameters µ, λ and ∆. All of them are dynamically determined by the stationary conditions with respect to each parameter. In particular, the value of |∆| is obtained from the "gap equation", namely
Similarly, the chemical potential µ and the Lagrange multiplier λ are determined for fixed values of the light quark number density n q and the heavy quark number density n Q by
To find solutions to Eqs. and λ = 0. Notice that, in the limit β → ∞, the factor − 1 β ln(1 + e −βE ) in f (T ; µ, λ; ∆) simplifies to E (or 0) for E ≤ 0 (or E > 0). Thus, in the zero temperature limit, only the modes below the Fermi energy (E − p < 0, E p < 0 and E p < 0) survive. Thus we find Ω(T = 0, µ, λ = 0; ∆) = 2N c Λ 0 p 2 dp
From the stationary condition (32), we obtain the gap
Notice that the gap equation is independent of N f because the N f dependent terms in Ω do not depend on the gap ∆. This is natural because the Kondo condensate is formed by a single light quark and a heavy quark impurity. All the other (N f − 1) light quarks do not participate in the Kondo effect. In addition to a trivial solution |∆| = 0, we find a nonzero solution to the gap equation:
. This approximate solution was obtained under the assumption that |∆| is much smaller than µ and Λ. Some comments are in order: First of all, as is evident from the dependence on G c which is very similar to the superconductivity gap, the gap (37) becomes larger as the coupling G c becomes stronger. This implies that the Kondo effect becomes stronger with increasing value of G c , which is intuitively acceptable. Second, the gap increases also with increasing µ. Since the momentum cutoff Λ must be taken larger than µ, we may write it as Λ = κµ with a parameter κ > 1, which immediately implies that the gap (37) increases with µ. Last, by drawing the thermodynamical potential (35) as a function of |∆|, one finds that the nontrivial value of the gap (37) corresponds to the minimum of the potential and thus gives lower energy than the trivial one |∆| = 0 (see Ref. [15] ). If we take the parameter set G c = 2 × 9 2 × 2.0/Λ 2 , Λ = 0.65 GeV, N c = 3, µ = 0.5 GeV, we obtain |∆| = 0.085 GeV. We note that we can numerically investigate the finite temperature T and λ dependences of the thermodynamic potential and the gap, and can draw a phase diagram where the Kondo condensate is nonzero (the Kondo phase). For example, on the µ − λ plane at T = 0, the Kondo phase appears at large µ and relatively small λ. See Ref. [15] for more figures.
C. Another form of gap equation
We defined in Eq. (24) a shorthand notation φ for the light and heavy quarks ψ and Ψ v . Correspondingly, let us also define the vertices Γ 
with k = 1, 2, 3 for the vector channel,
for the pseudoscalar channel, and with k = 1, 2, 3 for the axial vector channel. Using these matrices, we are able to express the interaction Lagrangian (10) in a compact form:
with = {S, V, P, A}. If we consider the mean fields only for = S and V as we have done, the gap equation is expressed as
where Tr is the trace over the Dirac and color matrices, and G 0 (p 0 , p ) −1 is the inverse of the free propagator
The sum over = S and V is taken, where k = 1, 2, 3 in Eq. Formation of nonzero Kondo condensates breaks the original symmetry in a nontrivial way. Recall that we have constructed the model so that it possesses the chiral symmetry for the light quarks and the heavy-quark spin symmetry for the heavy quark impurities. Since the current-current interaction is invariant under each transformation, nonzero Kondo condensates connecting the light and heavy quarks must break these symmetries. Here we discuss the breaking pattern of the symmetry in the Kondo phase. Let us first show the whole symmetry of the system and its breaking pattern:
with the group
and the subgroup
In the group G, SO(3) space is the rotational symmetry in the three-dimensional space. SU(2) HQS and U(1) Q are the HQS of Ψ v and the vector symmetry for the overall phase of Ψ v , respectively. U(1)
A is the usual chiral symmetry of light flavor ψ. Notice that the rotational symmetry holds as long as n Q is constant. As more general situations, when n Q ( x) depends on the position x, this symmetry does not necessarily hold. The breaking pattern (45) can be separated into four different pieces of pattern:
Below we explain each of them.
The Lagrangian (3) possesses a global rotation SO(3) space for ψ and Ψ v . In the heavy quark limit, however, we can perform the rotation of Ψ v independently from the SO(3) space rotation, and can regard the rotational symmetry for Ψ v as an internal symmetry independent of SO (3) space . This is the HQS and we represent it as SU (2) HQS . This is one of the important properties of the heavy quark systems [28, 29] . In the presence of the Kondo condensate with nonzero Φ 1 and Φ 1 , the heavy quark spin cannot be transformed independently. In other words, the mixing between a light quark and a heavy quark induces disappearance of the HQS. Thus, the original symmetry SO(3) space ×SU(2) HQS just goes back to SO(3) space . However, we notice that the U(1) part of SU(2) HQS survives in a nontrivial way. We will discuss this in (iii) below.
(
The U(1) Q and U(1) V symmetries are global U(1) symmetries for Ψ v and for ψ = (ψ 1 , . . . , ψ N f ), respectively. Since the Kondo condensates Φ 1 and Φ 1 induce a mixing between the light quark ψ 1 and the heavy quark Ψ v , the U(1) Q symmetry for Ψ v and the U(1) symmetry for ψ 1 are no longer independent symmetries. Indeed, the mean-field 6 Recalling that the existence of HQS leads to the degeneracy of spin up and down states, the "HQS doublet" [35] (see also Refs. [28, 29] ), one may wonder if the disappearance of HQS could induce mass splitting of the doublet states. However, since the origin of mass splitting should come from the next-leading contribution (the effects of the order of 1/m Q such as the color magnetic spin interaction) to the heavy mass limit, the mixing effect due to the Kondo condensate which occurs in the leading order does not lead to mass splitting. Indeed, the dispersion relations (27) - (29) have the same form for spin up and down components.
Lagrangian shows that it is invariant only if we rotate ψ 1 and Ψ v with the same angle. Therefore, after the Kondo condensation, we have only one U(1) transformation, which we symbolically denote U(1) Q+V . Here we wrote U(1) Q+V with V because the U(1) transformation for ψ 1 must be performed simultaneously with the other U(1) transformations for the light quarks ψ i (i = 2, . . . , N f ) to form the U(1) V transformation. In other words, in the presence of the Kondo condensate, we rotate the heavy quark field Ψ v with the same angle as that of the light quarks ψ i (i = 1, . . . , N f ).
In order to see what kind of transformation will leave the Kondo condensates unchanged, let us rewrite ψ 1 by using the right-handed field χ 1 and the left-handed field ϕ 1 :
In the mean-field Lagrangian (23), the Kondo condensates give the mixing term
The Kondo condensate part is rewritten as
We notice that this combination of the Kondo condensates is invariant under the U(1) A transformation ψ 1 → e iαγ5 ψ 1 for ψ 1 , combined with U(1) transformation Ψ v → e iαp· σ Ψ v for Ψ v . Indeed, for infinitesimal parameter α, the U(1) A transformation generates χ 1 → χ 1 +iαχ 1 and ϕ 1 → ϕ 1 −iαϕ 1 , which is compensated by the U(1) transformation Ψ v → Ψ v +iαp· σΨ v (to show the invariance, use the relation (p· σ) 2 = 1). Note also that the U(1) transformation for Ψ v is a subgroup of SU (2) HQS (e i θ· σ ∈ SU(2) with a parameter θ = αp), and conserves the helicity since it is the rotation around the axis along the directionp in momentum space. We denote it U(1) HQS h . This is reminiscent of the ColorFlavor-Locked state in color-superconductivity, and we call the remaining symmetry U(1) A+HQS h the chiral-HQS locked (χHQSL) symmetry. Here we wroteU(1) A+HQS h with A due to the same reason mentioned in case (ii). The axial U(1) transformation for ψ 1 must be performed simultaneously with the other axial U(1) transformations. Lastly, we emphasize that it is the factor ofp · σ coming from the hedgehog ansatz, ∆ = ∆p, that makes the χHQSL symmetry possible.
We assumed that only the flavor i = 1 of the light quark forms the Kondo condensate with the heavy quark, while the other flavors i = 2, . . . , N f do not. Thus, the original SU(N f ) V × SU(N f ) A symmetry is broken to the SU(N f − 1) V × SU(N f − 1) A symmetry.
Spin-coherent state
The χHQSL symmetry introduced in (iii) provides an intuitive picture of the heavy quark state. We notice that the helicity conservation for the heavy quark spin leads to the spin-coherent state of the heavy quark, as known in atomic physics [36] . For the directionp = p/| p | = (sin θ cos ϕ, sin θ sin ϕ, cos θ) in three-dimensional momentum space, the spin-coherent state |p is defined as follows. We first introduce the "vacuum" |0 as the state whose eigenvalue for the third component of the spin operator, S = (S 1 , S 2 , S 3 ) = σ/2, is the largest: S 3 |0 = S|0 . Then, by using the vacuum state, we define the spin-coherent state as
where S = 1/2 and the lowering operator is defined by S − = S 1 − iS 2 . This state satisfies the normalization p|p = 1. The expectation value of the spin operator S with respect to the spin-coherent state is given by p|S i |p = Sp i with i = 1, 2, 3. Because the directions of the heavy quark spins are aligned alongp, it implies the hedgehog configuration for the heavy quark spin. It is easy to confirm that |p is the eigenstate of p· σ, namelyp· σ|p = |p . From this relation, we notice that the U(1) HQS h transformation, |p → e iαp· σ |p , induces only the phase rotation, |p → e iα |p , and does not produce essentially a new state which is different from the state before the transformation. Therefore, the |p state is mapped to a two-dimensional sphere SU(2) HQS /U(1) HQS h S 2 . The mapping from a unit vectorp to S 2 implies the existence of a topological invariant characterized by the winding number. Thus, the spin-coherent state is important for the topological properties of the Kondo condensate as discussed in detail in the next subsection.
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E. Hedgehog configuration of heavy quark spin
Let us investigate in more detail the properties of the wavefunctions in the mean-field approximation. Here we focus on the light quark ψ 1 and the heavy quark Ψ v since only these fields mix with each other in a nontrivial way as we saw in the dispersion relations (27)- (29) . The other light quark fields ψ i (i = 2, . . . , N f ) do not participate in formation of the Kondo condensates and thus are not important in the level of the mean-field approximation (as we will see later in Sec. IV, however, they play interesting roles in quantum fluctuations around the mean-field).
We solve the eigenvalue equation in a restricted Hilbert space of (ψ 1 , Ψ v ). The canonically obtained Hamiltonian density has the formφhφ + · · · with φ = (ψ 1 , Ψ v ), and the eigenvalue equation reads hφ = εγ 0 φ (note that we discard the contributions represented by " · · · " which only give a trivial shift of the energy). Thus, we define H ≡ γ 0 h so that the eigenvalue equation can be written as
where the eigenvector u has six components with the first four components being the light quark ψ 1 and the second two components being the positive energy part of the heavy quark Ψ v . The mean-field "Hamiltonian" H in this restricted space (ψ 1 , Ψ v ) is given by (see Eq. (23))
where the three-dimensional momentum p is parametrized as p = (p sin θ cos ϕ, p sin θ sin ϕ, p cos θ). The left-upper (4 × 4) part and right-lower (2 × 2) part 7 See, for example, Ref. [37] for applications of topological concepts to a variety of systems including condensed matter and quark matter.
of the Hamiltonian correspond to the 'kinetic' parts for ψ 1 and Ψ v , respectively, and the other (non-diagonal) parts depending on ∆ or ∆ * correspond to the mixing between ψ 1 and Ψ v .
In the basis of (ψ 1 , Ψ v ), γ 5 matrix for ψ 1 and spin operator matrices S = σ/2 for Ψ v are extended to Γ 5 and S = (S 1 , S 2 , S 3 ), which are defined by We already know the eigenvalues of the mean-field Hamiltonian (52): they are given by the dispersions E p in Eq. (29) and E ± p in Eq. (27) , corresponding to the antiparticle mode of the light fermion ψ 1 and two mixed states, respectively. In the following, we give the wavefunctions for each mode and consider the properties of them. a) Wavefunctions of antiparticle modes: E p The eigenstates of E p are given by
where the upper indices (±) are eigenvalue of the Σ 5 (p) operator:
. Since the antiparticle modes have dispersions of free antiquarks without coupling to the heavy quark Ψ v (thus the wavefunction has only upper four components), they are also eigenstates of the chirality Γ 5 operator:
. In other words, the operator Σ 5 (p) = Γ 5 + 2p · S reduces to the chirality operator Γ 5 for the antiquark dispersion, and thus these two operators have the same eigenvalues.
b) Wavefunctions of mixed states: E ± p
The eigenstates of E + p are given by
with N −1
being the normalization constant. This time, all the six components are nonzero reflecting that this state corresponds to one of the mixed dispersions. Again, the upper indices (±) are the eigenvalues of the operator Σ 5 (p). However, it is not the eigenstate of Γ 5 and S 3 . Similarly, the eigenstates of
Let us consider the expectation value of the heavy quark spin operator S for the wave functions u 
where the magnitude of heavy quark spin is given by
We call S ± (p) the "effective" magnitude of the heavy quark spin, because it is a function of the momentum p and it can deviate from S = 1/2. We notice that S (γ) ± ( p ) is proportional top and γ can be ±1. Thus, it is directed outwardly for γ = +1 or inwardly for γ = −1 along the direction ofp in momentum space. Therefore, the heavy quark spin forms a hedgehog configuration, which may be called the HQS hedgehog, as shown in Fig. 2 . This configuration is essentially the same as the spin-coherent state in Eq. (50). The slight difference is that Eq. (50) has only the information on the direction of the heavy quark spin, while Eq. (64) has both the information about the direction and magnitude.
In Fig. 3 , we plot S ± (p) as the functions of momentum p for typical values of parameters: µ = 0.5 GeV, λ = 0, and |∆| = 0.01 GeV. As is evident from the figure, S + (p) and S − (p) show complementary behaviors. For the E − p mode, we find that S − (p) starts from S − 0 at p = 0 and reaches S − 1/2 for large p. In contrast, for the E + p mode, we find that S + (p) starts from S + 1/2 at p = 0, and reaches S + 0 for large p. This behavior is reasonable because u (63)). This is also seen in the behavior that E − p p − µ for p µ and E − p λ for p µ in Fig. 1 . As for
is dominated by the heavy quark component for p µ, while that is dominated by the light quark component for p µ (cf. Fig. 1 and Eqs. (60), (61)).
As is always the case with hedgehog-type configurations in quantum field theories, we are able to assign topological interpretation to the HQS hedgehog configuration (64). Indeed, by using a unit vector along the heavy quark spin,
with ε = E ± p , we can define the winding number by
where Σ is a surface surrounding the origin in the momentum space, dS k is the area element on Σ, ijk (i, j, k = 1, 2, 3) is an epsilon tensor with 123 = 1, and the sum over i, j, k is taken (cf. Ref. [37] ). Inserting Eq. (66) into Eq. (67), we obtain w (γ) ε = γ. Therefore, the hedgehog configuration with the outward (inward) direction of the heavy quark spin has a winding number γ = +1 (γ = −1). Notice that the winding number thus defined does not distinguish the E + p and E − p modes. We can also define the "fraction of light-quark component" in the wavefunctions of the mixed states E ± p . Recall that the operator Σ 5 (p) is conserved and gives eigenvalues γ = ±1 for the wavefunctions u (γ) (p). This can be interpreted as a kind of spin in the mixed states. Equation (57) defines the decomposition of the total "spin" into the light and heavy quark components. Namely, Σ 5 γ = γ = Γ 5 γ + 2p · S γ where · · · γ is the expectation value with respect to the eigenstate specified by γ. In order to make the decomposition for positive quantity, we multiply γ, so that we find 1 = γΓ 5 γ + 2γp · S γ . Therefore, we can regard the quantity γΓ 5 γ as the fraction of light-quark component, which we denote n ± (p). Explicitly,
Notice that this quantity does not depend on γ by construction (γ 2 = 1). It is quite instructive to plot n ± and S ± as functions of energy E in place of momentum p. Consider the case with λ = 0 where the location of the Fermi surface corresponds to E = 0. As is evident from Fig. 1 , the Fermi sea is purely occupied by the E − p mode which has negative energies, while the E + p mode with positive energies is not occupied at all. Figure 4 is the plots of n ± (E) and S ± (E). The negative energy region (in the Fermi sea) corresponds to E = E − p , while the positive, E = E + p . Remarkably, n ± (E) and S ± (E) show opposite behaviors. Around the Fermi surface E = 0, the light quark fraction is the smallest while the effective heavy quark spin is the maximum. Therefore, the physics at the Fermi surface (the ground state) and around the Fermi surface (excitations around the ground state) is dominantly given by the heavy quark dynamics. This suggests that the transport and thermodynamic properties of the Kondo phase will be predominantly determined by the heavy quark dynamics, which is counter intuitive. In reality, however, since heavy quarks do not propagate in matter, they will not be able to contribute to transport phenomena. Therefore, suppression of the light quark degree of freedom and inability of heavy quarks around the Fermi surface imply that the transport and thermodynamic properties are generally much suppressed in the Kondo phase, compared to the free light quark gas. When λ = 0, we need to modify the above discussion. For λ > 0, the crossing point of the two dispersions E q = p − µ and E Q = λ moves towards positive energy side, while for λ < 0, it moves towards negative energy side. If we define the Fermi surface as E = 0, then either E + p or E − p will cut across the E = 0 line, at which both the light and heavy quark components are non-negligible. This means that when λ = 0, the ground state and excitations around it will be affected by both components. This can be seen in the plots of n ± (E) and S ± (E) for λ = 0. The maximum or minimum point will move depending on the value of λ, and at the Fermi surface (E = 0), both components will be in general finite.
F. Berry phase and monopole
We have seen that the wavefunctions u
of the ground state in the Kondo phase give hedgehog configurations for the effective heavy quark spin which have nonzero winding numbers. This fact implies the necessity of topological interpretation of the states. Here we provide another property related to topology, the Berry phase [38] . We define the Berry connection (or gauge field) as follows:
is small. When N f is large, both the transport and thermodynamic properties will be dominantly determined by the unmixed N f − 1 flavor light quarks.
where the derivative is defined with respect to mo-
By using the wavefunctions (60)-(63), the Berry connection is explicitly given in the polar coordinate A (γ)
We notice that A (γ) ε,ϕ ( p ) has the singularities at θ = 0 (γ = +1) and θ = π (γ = −1), which is the so-called Dirac string [39] . As we will see later, the singularity lines can be moved by gauge transformation to other places in the momentum space, but cannot be eliminated in all over the space. Next we define the Berry curvature (or magnetic field) as
From Eqs. (70)- (72), the components in the polar co-
We notice that only the radial component has a nonzero magnetic field whose magnitude is 1/(2p 2 ). This result indicates the existence of a monopole at the origin in the momentum space.
We define the monopole charge by the surface integral of B (γ) ε ( p ) on the surface Σ surrounding the origin in the momentum space:
Substituting Eqs. (74)- (76), we obtain Q (γ) ε = γ. This coincides with the winding number w (γ) ε = γ obtained in Sec. III E. Therefore, we conclude that the winding number associated with the effective heavy quark spin is equivalent to the monopole charge in the Berry phase. We emphasize that Q (γ) ε and w (γ) ε are topologically conserved quantities for adiabatic and continuous deformation of the wavefunctions.
Finally, we consider the gauge transformation of the Berry connection. Recall that the monopole charge Q (γ) = γ is the eigenvalue of the operator Σ 5 ( p). This implies that the Berry connection is associated with the U(1) transformation generated by the charge operator Σ 5 ( p). Thus, we define the gauge (phase) transformation for the wavefunction u
with an arbitrary real smooth function ξ( p ). In the last line, we have used the relation Σ 5 (p)u
ε ( p ). For the Berry connection, we define the gauge transformation
We can easily check that B are gaugeinvariant. This also implies that we can move the Dirac string by the gauge transformation while keeping the monopole charge unchanged.
IV. KONDO EXCITONS: COLLECTIVE EXCITATIONS
In the previous section, we determined the ground state within the mean-field approximation. In this section, we go beyond the mean-field approximation by including the effects of fluctuations around the mean-fields. Then we are able to discuss stability of the mean-field ground state and collective excitations around the meanfields. We consider the "hQ modes" as excitation modes which are made of a light quark hole h and a heavy quark Q (in a small momentum region). The analysis will be performed within the random-phase approximation (RPA) where we use quark propagators determined by the mean-field Lagrangian and include the effects of interactions by summing up the bubble diagrams each of which represents the light quark and heavy quark excitation. As we will see later the resulting excitation modes consist of superposition of quark fields with different momenta and we call these collective excitations the Kondo excitons. Indeed, they appear as bound states when the interaction in the hQ channel is strongly attractive. Recall that we have selected the mean-fields so that they have nonzero values only for those containing the first flavor of light quark q 1 . Thus the effects of mixing is expected to appear only in the excitation modes containing the q 1 field. It is important to distinguish the excitations involving q 1 and Q from those involving q i (i = 2, . . . , N f ) and Q.
A. RPA equation
In the following calculation, we use the quark propagators obtained in the mean-field approximation (see Eq. (26) for its inverse, and Eq. (30) for the propagator in the N f = 1 case), and treat the interaction Lagrangian (42) .
We consider excitation modes in the channels represented by the composite fields (15)- (18) . For the channel labelled by = {S, V, P, A} and flavor i = 1, . . . , N f , we compute the "self-energy" 1 i Π (i) (k 0 , k ) which corresponds to a one-loop bubble diagram as shown in Fig. 5 . Here, k 0 and k are the energy and momentum of the excitation mode:
where the propagator G(p 0 , p ) and the vertex matrices Γ (i) ,Γ (i) are defined in Eq. (26), and Eqs. (38)- (41), respectively, and "Tr" is the trace over the color indices, the Dirac matrices and the flavor matrices. The minus sign comes from the fermion loop. If we carefully look at the matrix structure for each channel, we find that the loop propagators are made of the light quark hole h i with light flavor i and the heavy quark Q.
In the RPA calculation, we sum up contributions of the ring diagrams which are made of the bubble diagram, Eq. (80), to obtain
where we have defined G c ≡ 
This equation determines the relation between k 0 and k, that is nothing but the dispersion relation of the excited mode.
B. Dispersions of excited states
To understand the structure of the self-energy, let us briefly discuss the case N f = 1 which carries the essential information on the mixing phenomena. In this case, we can use the propagator (30) to compute the self-energy (80). For example, the self-energy in the scalar mode (S) is given by
where
is an element of the propagator in the (ϕ, η, Ψ v ) space with ψ = (ϕ, η) t . Namely, they are explicitly given by (see Eq. (30))
where 1 is a 2 × 2 identity matrix. This result clearly explains that one of the two propagators is from the light quark and the other from the heavy quark, suggesting that the excitation mode is made of a light quark hole and a heavy quark. Notice that the heavy-quark component of the propagator G ΨΨ has only two poles because the pole at p 0 =Ẽ p cancels with the same factor in the denominator (see Eq. (30)). The same calculations for the other channels = V, P, A lead to a surprising result: All the channels have the same structure as the scalar channel,
Furthermore, this is in fact not a special result in the one-flavor case, but can be seen also in the case N f > 1. Indeed, after some calculations, we find for each flavor index i = 1, . . . , N f , the self-energies in all the channels have the same structure:
This means that (for each flavor) the excitation energies for scalar, vector, pseudoscalar and axial vector channels are degenerate. We notice, however, that the excitation energy for the light flavor i = 1 is different from those of the other light flavors i = 2, . . . , N f , as we confirm in the numerical calculations. In evaluating the loop integral, we first pick up the poles which lie in the Fermi sea for the p 0 -integral. Here, we notice that the number of poles is not necessarily equal to the number of dispersions as we have seen for the N f = 1 case. Then the three-momentum | p | integrals are performed for 0 ≤ p ≤ Λ with the three-momentum cutoff parameter Λ. For numerical evaluation, we work at λ = 0 with the parameter set given in Sec. III B. In Fig. 6 , we show the excitation energies ω k (= k 0 ) for the flavor i = 1 (upper panel) and the others i = 1 (lower panel) as functions of k = | k |. Importantly, we find no imaginary solution for ω k . Therefore, we conclude that our ground state with the mean-fields introduced in Sec. III A is stable against the small quantum fluctuations. Also important is the absence of zero modes. Although we discussed complicated symmetry breaking pattern associated with formation of the Kondo condensate, the RPA calculation does not produce massless modes in the channels considered here. At present, it is not clear why there is no zero modes in our RPA calculation.
We can understand these results with the help of dispersion relations shown in Fig. 1 . First of all, consider the excitation involving the i = 1 light quark (upper panel of Fig. 6 ). Recall that the ground state for λ = 0 is made of the occupied Fermi sea with the dispersion p 0 = E − p < 0. Any excitation should be constructed based on this ground state. For example, when k = 0, the excitation should be described by a superposition of states with momenta p and − p, corresponding to a particle and a hole. This excitation is drawn as a vertical transition from the (occupied) E − p mode to the (vacant) E + p mode. 9 The lowest excitation energy is given by the lowest value of
√ 2|∆| which is realized at p = µ. In reality, the interaction between a light quark and a heavy quark helps to form a bound state, and the excitation energy will be reduced. In the numerical result, the excitation energy is indeed close to but smaller than the threshold value 2 √ 2|∆| 0.24 GeV (for |∆| = 0.085 GeV). When k = 0, the transition occurs from the E − p mode with the momentum p 1 = p + k/2 to the E + p mode with the momentum p 2 = p − k/2, which is represented as a gray arrow in the upper panel of Fig. 1 . Again, the excitation mode will be made of superposition of such (singleparticle) excitations. The excitation energy for this transition can be roughly evaluated for small k (and at p = µ) as
The actual excitation energy ω(k) will be reduced by the interaction. The dashed line in the upper panel of Fig. 6 corresponds to the rough 9 We simply call the hQ mode, but in fact the excitation appears as a superposition of states with different values of p (and different content). Recall that E
is more like a heavy (light) quark at small p and more like a light (heavy) quark at large p. Thus, excitations with small p are made of a hole of the light quark and a heavy quark, but excitations with large p are made of a light quark and a hole of the heavy quark.
estimate of the excitation energy, and the numerical result indeed lies below this line. The negative slope of the excitation energy is also understood as a result of peculiar behavior of dispersions in the mixing phenomena. Namely, it appears due to the asymmetry that the minimum point of the energy-momentum dispersions above the Fermi surface is different from the maximum point below the Fermi surface.
Second, consider the excitation involving the other flavor of light quarks (i = 1). Again, we can understand the numerical results with the help of dispersion relations as shown in the lower panel of Fig. 1 . The difference from the previous case with i = 1 is two-fold: The dispersions of the other flavor light quarks are given by p 0 = E p = p − µ and the modes with p < µ (the Fermi sea) are occupied in the ground state. Since these light quarks can interact with the heavy quarks, we are able to effectively consider the transition from the E p mode to the E + p mode. When k = 0, this transition should occur vertically in the figure of dispersions and the lowest excitation energy is given by
2|∆|. The actual excitation energy will be reduced due to interaction. When k = 0, we can again roughly estimate the excitation energy. In this case, we take p 1 = µ for the dispersion E p1 , then we find
. This corresponds to the dashed line in the lower panel of Fig. 6 (note that √ 2|∆| = 0.12 GeV). The actual excitation energy is indeed below this threshold line. Therefore, we understood that the difference between the excitation energies in the i = 1 mode and the i = 1 mode is mainly due to the different behavior of the dispersion relations. Notice that, in both cases, the actual excitation modes appear as superpositions of excitations with different relative momenta p, and thus are "collective" excitations similar to exciton modes in condensed matter physics. It is interesting that the excitations that include the i = 1 flavor light quarks have lower energy than that for the i = 1 mode.
Lastly, let us again emphasize the origin of dispersions of excitations with negative slopes. In Fig. 7 we show schematic figures of two different types of excitations corresponding to the transitions from the highest state inside the Fermi sphere to the lowest state outside the Fermi sphere. Excitations with minimum excitation energy are indicated by solid arrows. The left panel presents the case where the momentum for the highest-energy state for E p < 0 and that for the lowest-energy state for E p > 0 coincide with each other. The right panel presents the case where they are different. The minimum excitation energy in the left panel is given by the zero momentum (ω k=0 ), while that in the right panel is given by the nonzero momentum (ω k =0 ). The dotted arrow in the right panel is a excitation with zero momentum (ω k=0 ), which is not favored. Hence, we find that, when there is asymmetry in the dispersion relations, the minimum excitation energy is given by ω k =0 with non-zero momentum. This is the origin of the decreasing behavior of the excitation energies with increasing momentum, as shown in 
V. CONCLUSION AND OUTLOOK
We investigated the ground and excited states of a quark matter with heavy quark impurities. In order to study the Kondo effect, we worked with a model having non-Abelian current-current interactions between a light quark and a heavy quark. The ground state of this model was found to be characterized by the Kondo condensates which are the expectation values of the products of light and heavy quark operators and generate mixing between them. We nonperturbatively determined the values of the Kondo condensates in a self-consistent way within the mean-field approximation. The wavefunctions of the ground state are described by the HQS hedgehog configuration in the momentum space, which allows for topological interpretation with respect to the Berry phase. As for the excited states, we solved the RPA equations for the excitations made of a hole h of the light quark and the heavy quark Q and found that the ground state is stable and the excited states appear as exciton-like bound states.
The primary purpose of the present paper was to demonstrate the physical consequences of the nonzero Kondo condensates. Thus we analyzed a simple model having only the heavy-light interactions.
However, in order to study the Kondo effects in more realistic quark/nuclear matter in QCD at finite densities, we need to include the effects of interactions in the light quark sector. For example, the U(1) A symmetry for light (massless) quarks should be broken by the quantum anomaly, which could affect the χHQSL symmetry in the Kondo condensate. Also it would be interesting to include the effects of interactions between two light quarks, which generate the chiral symmetry breaking at low densities, and the color superconductivity at high densities [34, [40] [41] [42] . In both cases, we can investigate the interplay between them and the Kondo effect (see Ref. [18] as a related study). In particular, in the color superconductivity phase with two light flavors N f = 2 (the 2SC phase), the original color symmetry SU(3) c is broken to SU(2) c . If we consider the interaction between the heavy quark and the gapped light quark (which is still light compared to the heavy quark mass), we find a mismatch in the nonAbelian symmetry of the interaction: the SU(2) c symmetry of the gapped light quark and the SU(3) c symmetry of the heavy quark. Thus, the gapped light quark with a smaller symmetry cannot screen the SU(3) c charge of the heavy quark. This is a novel situation which is not seen in condensed matter, while this inability of complete screening is somewhat similar to the "underscreening" Kondo effect. There are many topological structures of quark matter in real space [43] . Experimentally, to relate the present study to observables in the heavy-ion collisions, it will be also necessary to estimate the transport coefficients of quark matter taking into account the Kondo condensate. Those subjects are left for future studies.
We comment how we determine the numerical value of the coupling constant G c . Using the unified representation φ for the fields ψ 1 , . . . , ψ N f and Ψ v (see Eq. (24)), we start from the following definition of the color-current interaction with the coupling constantḠ c :
Thus, this interaction generates the current-current interaction in the light quark sector
and the interaction between the light current and the heavy current:
The latter interaction is the same as that in Eq. (1) when G c = 2Ḡ c is satisfied. The value of the coupling constant G c is given once we determine the value ofḠ c in Eq. (A2). The value ofḠ c is evaluated for the N f = 2 case (ψ = (ψ 1 , ψ 2 ) t ) so that the interaction (A2) reproduces the properties of light hadrons. We transform L 3 ) are the Pauli matrices for the isospin. In the literature, it is known that the low energy properties of light hadrons are well reproduced with the values ofḠ c given byḠ c Λ 2 = 2.14 where the three-dimensional momentum cutoff parameter is Λ = 0.653 GeV [32, 33] . Using these parameter values, we setG c Λ 2 = 2.0 and Λ = 0.65 GeV, which leads tō G c Λ 2 = (9/2)2.0. In this way, we use G c Λ 2 = (9/2)4.0 with Λ = 0.65 GeV in our numerical calculations.
Appendix B: Fierz identities
Here we summarize the Fierz identities. The Fierz identities for Dirac matrices are (γ µ ) αβ (γ µ ) γδ = δ αδ δ γβ + (iγ 5 ) αβ (iγ 5 ) γδ
with C = iγ 2 γ 0 , where sum over µ = 0, 1, 2, 3 is taken. The Fierz identities for the matrices of the SU(N ) generators are
(λ a ) ij (λ a ) kl = 2
where sums over a = 1, . . . , N 2 − 1, S for symmetric matrices (including λ 0 ) and A for asymmetric matrices are taken.
